
J[ Mech[ Phys[ Solids\ Vol[ 35\ No[ 01\ pp[ 1292Ð1211\ 0887
Þ 0887 Elsevier Science Ltd[ All rights reserved\ Pergamon Printed in Great Britain

9911Ð4985:87 ,*see front matter
PII ] S9911Ð4985"87#99900Ð7

A CONSTITUTIVE MODEL FOR THE NON!SHOCK
IGNITION AND MECHANICAL RESPONSE OF HIGH

EXPLOSIVES

JOEL G[ BENNETT\� KEITH S[ HABERMAN\ JAMES N[ JOHNSON\
BLAINE W[ ASAY AND BRYAN F[ HENSON

Los Alamos National Laboratory\ Los Alamos\ New Mexico 76433

"Received 4 Au`ust 0886 ^ in revised form 01 January 0887#

ABSTRACT

An understanding of the non!shock ignition properties of energetic particulate composite materials\ {{high
explosives|| such as PBX!8490 is an important part of the safety assessments for conventional handling
"transportation\ storage\ etc[# of weapons systems including assembly operations[ This paper develops and
demonstrates the use of a numerical constitutive model for PBX!8490 that includes viscoelastic response\
statistical fracture mechanics\ and an ignition hot!spot mechanism[ The intent is that this model can be
used in safety analyses involving accidents to prevent undesirable dispersion of Pu[ The parameters have
been determined that will predict the mechanical response and ignition:non!ignition of a set of experiments
that have explored the non!shock properties of this material[ Þ 0887 Elsevier Science Ltd[ All rights
reserved[

Keywords ] microcracking\ chemical!mechanical processes\ constitutive behaviour\ _nite elements\ ener!
getic materials[

0[ INTRODUCTION

The class of materials known as plastic "polymer# bonded explosives "PBX# is rep!
resented in this paper by PBX!8490[ This material is a heterogeneous explosive
consisting of 84 wt) HMX "octahydro!0\2\4\6!tetranitro!0\2\4\6!tetrazocine# crystals
embedded in a binder consisting of 49) estane "a polyurethane# and 49) BDNPA:F
"bis "1\1!dinitropropyl# acetal:bis "1\1!dinitropropyl# formal\ 49:49 wt)#[ The HMX
crystals are bi!modal in size distribution with the formulation of 60[14 wt) Class 0
HMX "73Ð85) smaller than 186 m# and 12[64 wt) "64) smaller than 33 m#\ which
is a 2 ] 0 course:_ne ratio[ The explosives are pressed from moulding powders and the
microstructure\ shown in the photograph of Fig[ 0 represents an unusual challenge in
engineering material modeling[

Nevertheless\ the understanding and prediction of the non!shock ignition of ener!
getic particulate composite materials is an area that is important in safety assessments
of handling and assembly of weapons systems[ Work in this area has received attention
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since the discovery in the early 0879s that mild mechanical shocks in solid propellants
could lead to explosions that approach the violence of those produced by strong
shock waves in the process known as SDT\ Shock to Detonation Transition "Jensen\
Bloomer and Brown\ 0870 ^ Green\ et al[\ 0870#[ These explosions\ caused by mild
multi!dimensional mechanical shocks\ are referred to as non!shock ignition[ In
general\ the investigation of this phenomenon has focused on experimental deter!
minations of {{goÐno:go|| conditions for ignition associated with impact velocity
conditions\ with limited e}ort made to identify the underlying causes of this ignition\
which is attributed to micromechanical causes[ Bonnett and Butler "0885# present a
good summary of the current thinking in the literature[

1[ HOT SPOT MECHANISMS

Although there are several proposed micromechanical processes that may be
responsible\ it is generally agreed upon that {{non!shock|| ignition occurs because of
an isolated high!temperature region in the material called a {{hot!spot||[ It is also
generally agreed that these regions are caused by the interaction of the stress or shock
waves with defects in the material\ and the formation of the hot!spot depends on the
mechanical\ thermal and chemical properties of the material[ However\ the dominant
mechanism for producing the hot!spot has not been generally agreed upon[ Viscous
heating\ localized plastic work\ friction between grains\ hydrodynamic void "pore#
collapse with adiabatic heating of the entrapped gas\ internal shear\ and shock inter!
action at density discontinuities are some of the micromechanical mechanisms that
have been suggested and investigated "Field\ et al[\ 0871 ^ Field et al[\ 0881 ^ Field\
0881#[ It is very likely that all of these mechanisms can produce a hot!spot under
certain circumstances[ However\ Dienes "0873# has done an order!of!magnitude
analysis that shows that the mechanism for the largest contribution to potential heat
generation is the frictional forces on shear crack surfaces[ Shear cracking certainly
occurs in these materials\ such cracking having been observed in the experiments by
Howe et al[ "0874# and others\ although the cracks are di.cult to detect[ Dienes
"0885# has also demonstrated that including the e}ect of frictional heating within the
context of his statistical crack mechanics model "SCRAM# can induce ignition[ In
the work here\ we have leaned heavily upon the insight of Dienes and the SCRAM
approach\ but we have implemented a viscoelastic\ isotropic SCRAM model with
ignition that we believe is accurate and e.cient in simulating the 2!dimensional
mechanical response including the non!shock ignition of PBX!8490[ By incorporating
these models into an explicit _nite element code "DYNA2D\ Whirley and Englemann\
0882# the practical modeling of the HE "High Explosives# in safety analyses of
systems\ wherein the HE is a sub!model\ but a very important part of the overall
simulation\ is feasible[

2[ VISCO ELASTIC CRACKING CONSTITUTIVE MODEL
"Visco!SCRAM#

This model is based on the work of Addessio and Johnson "0889# and combines a
general n! component Maxwell visco!elasticity model combined with the SCRAM
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Fig[ 0[ A photomicrograph of PBX!8490 that shows the heterogeneous microstructure[ "Courtesy of Cary
Skidmore and David Phillips of the Los Alamos National Laboratory#[

Fig[ 01[ Finite element model of the impact test[
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Fig[ 02[ A qualitative comparison of the calculated and experimental displacement _elds[

Fig[ 04[ Calculated hot spot temperature distribution[
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Fig[ 1[ A schematic diagram of the Visco!SCRAM model[ Sþij is the deviatoric stress rate\ e¾ve
ij is the visco!

elastic deviatoric strain rate\ and e¾c
ij is the deviatoric cracking strain rate[ The Gn are the shear moduli\ and

the hn are the damping constant for the nth component[

"Statistical Crack mechanics# approach of Dienes[ SCRAM is a physically based
micromechanical approach to the large deformation and cracking of brittle materials[
During the deformation\ the crack distribution is assumed to remain random\ and
the size of the distribution of the cracks is exponential[ The model is shown sche!
matically in Fig[ 1[

Using Cartesian tensor index notation\ the total strain rate for the solid is given by
the kinematic relationship

o¾ij �
0
10

1u¾ j

1xi

¦
1u¾i

1xj1
where\ xi are the material point coordinates\ and u¾i are the material deformation rates
in these coordinate directions\ with the dotted variable indicating the time rate of
change of that variable[ The total strain rate can be decomposed into a deviatoric and
mean strain rate as o¾ij � e¾ij¦dijo¾m with dij being the Kronecker delta\ and

o¾m � 0
2
o¾ii[

In the single spring!damper Maxwell model\ with the relationship between the devi!
atoric stress and deviatoric strain in the elastic element is S�1Ge and the stress and
strain rate in the viscous element is S�1he¾\ the stress rate is
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S¾ � 1Ge¾−
S
t

where t� h:G[ Then\ for the general viscoelastic solid "Fig[ 1#\ with the deviatoric
strain rates\ e¾ve

ij \ being in common and the deviatoric stresses for each component
being additive\ i[e[

S� s
N

n�0

S "n#\

the general relationship between the deviatoric stress\ stress rate\ and strain rate is
assumed to be

Sþij � s
N

n�001G "n#e¾ve
ij −

S "n#
ij

t"n# 1 "0#

The volumetric response rate is assumed to be given by\ s¾m �Ko¾ii\ where K is the bulk
modulus for the material[ The total stress rate is the sum of the deviatoric and mean
stress rates\ s¾ ij �Sþij¦s¾mdij[

The deviatoric strain rate in this model is the sum of the deviatoric visco!elastic
strain rate and the deviatoric cracking strain rate

e¾ij � e¾no
ij ¦e¾c

ij[ "1#

The fundamental deviatoric cracking!strain versus deviatoric stress relationship is
shown in Addessio and Johnson "0889# to be

ec
ij �bec2Sij[

Here\ c is the average crack radius\ and be is a parameter relating the shear moduli
and the initial crack distribution N9 as

1Gbe �AN9 0 0
0

a21[

with A being a constant and a the initial ~aw size[ With this de_nition\ the relationship
between the deviatoric strains and the crack radius is

1Gec
ij � 0

c
a1

2

Sij\

or\ in rate form as

1Ge¾c
ij � 20

c
a1

1 c¾
a
Sij¦0

c
a1

2

Sþij[ "2#
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Fig[ 2[ The crack growth rate relationship shown schematically[

Using eqns 0Ð2\ the deviatoric stress rate in the model is

Sþij �

1Ge¾ij−s
N

0

S "n#
ij

t"n#
−20

c
a1

2 c¾
a
Sij

0¦0
c
a1

2
[ "3#

The stress rate in each Maxwell element is

Sþ"n#
ij � 1G "n#e¾ij−

S "n#
ij

t"n#
−

G "n#

G $20
c
a1

1 c¾
a
Sij¦0

c
a1

2

Sþij%\ "4#

where

G�s
N

0

G "n#[

An evolution equation for the crack growth rate is required to complete this part of
the model[ Based on the work of Dienes "0885# we assume the crack growth rate
depends on the stress intensity as shown schematically in Fig[ 2[
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This behaviour may be described by

c¾ � nmax0
K
K01

m

K³K?

c¾ � nmax$0−0
K9

K 1
1

% K−K?

where\

K?�K9X0¦0
1
m1

and

K0 �K9X0¦0
1
m1 $0¦

m
1%

0
m
[

This visco!SCRAM model with _ve Maxwell components has been _tted to exper!
imental data ranging over 7 orders of magnitude in relaxation times to determine the
viscoelastic constants[ Values of Young|s modulus are obtained from ultrasonic
"Olinger\ 0871#\ Hopkinson bar "Gray\ 0885#\ and quasi!static "Wiegand\ 0885#
measurement[ The data extend over approximately eight decades of strain rate[ Relax!
ation times for a generalized Maxwell model are obtained from the relationship
that relaxation times are approximately one!tenth the reciprocal strain rate of the
experimental test[ A least!squares _t to the data is obtained in the form

E� ðm0 log09 t¦m1"log09 t#1¦m2Ł

where\ m0 �−9[06966\ m1 �9[915714\ and m2 �6[0568 for E in MPa and t in
seconds[ Figure 3 shows the experimental data for the relaxation time and the _t to
the data for PBX!8490[ All of the material parameters for PBX!8490 associated with
this model are given in Tables 0Ð2[

With these evolution equations and these parameters\ the stress rate is found and
integrated over the time step to give the updated state of stress within an element\ a
standard procedure for an explicit _nite element code[

The stress!strain response predicted by this implementation of the visco!SCRAM
constitutive equations into DYNA2D for a sample of PBX!8490 under a uniaxial
load is shown in Fig[ 4 for three di}erent rates of deformation[ These curves closely
match the available experimental data for PBX!8490 at or near these strain rates[

3[ HOT SPOT MODEL

Figure 5 shows an arbitrarily oriented micro!crack in a brittle solid under a pressure
load and shear load along the crack face[ In the SCRAM model\ it is assumed that
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Fig[ 3[ The least squares _t to the Young|s modulus versus relaxation time data for PBX!8490[

Table 0[ Crackin` Parameters
—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
n a m c9 nmax K9

9[2 9[990 m 09 9[99992 m 299 m:s 4×094 Pazm
—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

Table 1[ Shear Moduli for the Maxwell Elements
—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
G0 "Pa# G1 "Pa# G2 "Pa# G3 "Pa# G4 "Pa#

8[339×097 0[627×097 4[101×097 8[974×097 5[764×097

—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

Table 2[ Relaxation Parameters
—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
0:t0 0:t1 0:t2 0:t3 0:t4

9 6[21×092 s 6[21×093 s 6[21×094 s 1[99×095 s
—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

there is a statistical distribution of randomly oriented microcracks in the HMX
material[

The hot!spot scale is such that the crack appears in_nite in extent compared to the
thermal in~uence[ it is assumed that if the shear stress exceeds a static friction
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Fig[ 4[ Visco SCRAM response\ PBX!8490\ uniaxial stress[

Fig[ 5[ The hot!spot model showing friction generated heat by the deviatoric stress on a plane normal to
the direction of the maximum "principal# deviatoric strain rate[
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Table 3[ Properties of HMX
—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––
ki Ci ri DH Z E:R

9[4 0[1×092 0[70×092 4[4×095 4×0908 1[541×093

—––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––––

coe.cient\ the adjacent crack faces will slip and the work done on the slipping faces
will generate heat[ An energy balance on the model in Fig[ 5 gives the modi_ed Frank!
Kamenetskii "0831# equations that govern the one dimensional heat transfer near the
crack face

1

1y0kf

1T
1y1¦rfDHZ e

E
RT¦mp

1vx

1y
�rfCf

1T
1t

\ lf − y− 9 "5#

1

1y0ks

1T
1y1¦rsDHZ e

E
RT �rsCs

1T
1t

[ "6#

Notice that here we are treating the hot!spot as having a length scale of lf "to be
determined#\ in extent and the frictional heat generation is volumetric\ over the hot!
spot volume[ In eqns "5# and "6#\ term 0 is the heat conducted away from the hot!
spot\ term 1 is the chemical heat generation per unit volume\ and the right hand side
is the heat stored in the region of hot!spot in~uence[ The variables in these equations
are de_ned as ]

T�absolute temperature "K#\
ki �thermal conductivity in material "W:"m−K##\
Ci �heat capacity in material "J:"kg−K##\
ri �mass density in material "kg:m2#\
DH�heat of detonation "J:kg#\
Z�a pre!exponential factor "0:s#\
E�Arrhenius activation energy "kJ:mole#\
R�universal gas constant "cal:"K−mole##\
t�time "s#[

The properties used in this model for HMX are given in Table 3[
In addition\ the model includes the latent heat of fusion during melt:resolidi_cation\

using the equivalent enthalpy method "Bonnett and Butler\ 0885#[ A micro!crack is
assumed to always exist normal to the direction of the maximum principal defor!
mation rate in each element[ Thus\ the maximum principal deformation rate and its
direction is found within each element from the strain rate tensor[ The deviatoric
stress is found on a plane normal to this direction\ and checked to see if the value
exceeds the value of msp\ where ms is the static coe.cient of friction\ and p is the
compressive pressure "if p is positive\ the crack is assumed to be open and no heat is
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Fig[ 6[ The one dimensional heat transfer element[

generated#[ if the maximum shear stress on this plane exceeds this value\ the crack is
assumed to slip\ and generates heat at the rate of

mp
1vx

1y
\

where m is the dynamic value of the friction coe.cient[

3[0[ Solution of the modi_ed Frank!Kamenetskii Equations

Equations "5# and "6# must be solved in each element at each time step[ Dienes
"0885# uses a _nite di}erence technique[ Here\ in the interest of e.ciency and accuracy\
we use a weighted residual approach\ which is\ in e}ect\ a one!dimensional _nite
element method[ Figure 6 shows the temperature {{element||[ The temperature is
assumed to vary in the local coordinate as T�H0"j#T0¦H1"j#T1¦H2"j#f0¦
H1"j#f1\ where T0 are the temperatures at the node I\ and f0 are temperatures on the
interior of the local domain\ and H0 are the interpolation functions[ The geometry is
assumed to map as y�N0y0¦N1y1\ with the N0 being the standard linear interpolation
functions[ The chemical heat generation within the domain is also assumed to interp!
olate in this manner\ i[e[

Qþch �s
I

NIQþchI[

With this formulation\ the gradients of temperature within the region −0¾ o¾ 0
can be resolved accurately because the interpolation functions for the temperatures\
HI\ are cubic polynomials[ The details of the development of the weighted residual
equations are given in Appendix 0[ The resulting matrix equations can be assembled
into the form

K
�

T¦Qþ �C
�

Tþ\

that can be integrated in time using Euler backward time integration and Newton!
Raphson iteration within the time!step for nonlinear material properties and tem!
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Fig[ 7[ Hot!spot predicted temperature!time history for a constant pressure and strain rate[

perature dependent loading[ Details of this implementation are well known and can
be found in any good _nite element text " for example\ Bathe\ 0871#[

The performance of the hot!spot model can be assessed separately from the
implementation into the explicit _nite element code by driving the model with a
pressure and deviatoric deformation rate[ For example\ Fig[ 7 shows the temperature
vs time history for a hot!spot that is under a pressure of 0 GPa at a constant strain
of 036\999 s−0[

These values are typical of those calculated for a set of experiments that will be
described[ In Fig[ 7\ the temperature within the hot!spot is seen to increase until melt\
remain almost constant during the melt period\ and then to increase steadily until
about 79 ms when the chemical heating produces a {{runaway|| temperature which is
used as an ignition criterion[

Parameter studies were carried out using the hot!spot model to assess the sensitivity
and performance of the model for later calibration against the data from experiments
for impact and non!shock ignition of PBX!8490[ For example\ Fig[ 8 shows the e}ect
of varying the size of the hot!spot from 2 to 4 microns under a constant pressure and
strain rate[

With increasing hot!spot size\ the response will vary from non!ignition to ignition
earlier in time[ It should be emphasized that the hot!spot mechanism is the viscous
heating over the volume of material adjacent to the statistically average crack "see
eqn "5##\ and that this volume parameter is calibrated by experiment[
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Fig[ 8[ The e}ect of hot!spot size on the temperature!time history for a constant pressure and strain rate[

Another study was conducted on the e}ect of {{mesh extent||[ The boundary con!
dition at the crack face is {{no heat transfer|| across the crack face because of symmetry[
The calculation of the heat transfer away from the crack face should be carried out
far enough spatially so that the calculated temperatures in the material are essentially
the bulk temperatures of the material[ The results of this study are shown in Fig[ 09[

4[ APPLICATIONS OF THIS MODEL TO EXPERIMENTS

Sets of experiments have been carried out to measure the non!shock ignition
properties of PBX!8490 and are reported elsewhere "Asay\ et al[\ 0886#[ Essentially\
a small rectangular piece of PBX!8490 is impacted with a plunger of known velocity
and varying geometry\ and the thermal response of the surface of the material as well
as the in!plane displacement _eld at snapshots in time is measured during the response\
the geometry being shown in Fig[ 00[ The in!plane displacements are measured using
a speckle photography method developed at Los Alamos by Asay et al[ "0886#[ The
_nite element calculational model shown in Fig[ 01\ faithfully reproduces the geometry
of the experiments[

Figure 02 shows a qualitative comparison of the calculated surface displacement
_eld and the measured one at 04 ms after impact for a 09!cm round!ended plunger[
Figure 03 shows the quantitative comparison of the experimental surface displacement
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Fig[ 09[ Temperature vs distance from the crack!face at ignition[

Fig[ 00[ Impact test geometry[
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Fig[ 03[ A quantitative comparison of the calculated and experimentally measured surface displacement
_eld[
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_eld and the simulated one compared at 07 ms after impact[ The comparisons are
both qualitatively and quantitatively good\ with the predicted displacement _eld being
within the experimental accuracy of the measured one[

Figure 04 shows the results of a similar numerical simulation using a square!ended
plunger[ The simulation predicted ignition of the PBX!8490 at about 37 ms after
impact[ The surface temperatures indicated ignition at 099 ms after impact[ At this
point in time in our program\ it is not clear whether actual ignition occurred earlier
in the experiments or if the hotspot volumetric parameter is too large[ Further
experimental e}orts are ongoing to clarify this point\ but we believe one of the
basic mechanisms needed to capture the mechanically induced ignition is in place[
Furthermore\ with this additional experimental insight and calibration\ the model
will be very useful in safety assessments[

5[ CONCLUSIONS

A constitutive model for a high!explosive material "PBX!8490# has been developed
that shows much promise in simulating the mechanical response and non!shock
ignition prediction of this material[ This model has been implemented into an explicit
_nite element program that is commonly used at Los Alamos in safety studies of
systems that contain this material[ The authors believe that this model and the
experimental e}ort for calibration and veri_cation of the predictions will be a very
useful tool for safety studies aimed at preventing undesirable dispersion of Pu[ The
authors further believe that the methodology used in developing the model for this
material can be used as a guide for developing similar models for other energetic
materials[
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APPENDIX I

The Wei`hted Residual Equations for the Hot!spot Model

Referring to Fig[ 6\ the temperature within the local isoparametric domain −0¾ x¹i ¾ 0 is
given by T � H0"j#T0¦H1"j#T1¦H2"j#f0¦H3"j#f1\ "with fi being internal node tem!
peratures# where

H0 � −0
5
¦0

5
j¦1

2
j1−1

2
j2

H1 � 1
2
−3

2
j−1

2
j1¦3

2
j2

H2 � 1
2
¦3

2
j−1

2
j1−3

2
j2[

H3 � −0
5
−0

5
j¦1

2
j1¦1

2
j2[

These shape functions may be developed by the standard method of assuming a polynomial
form for each function and applying the conditions that the temperatures satisfy\ _eld variable
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compatibility at the nodes\ where for this set\ the interior points have been chosen to be
j � 20:1[ The geometry is assumed to interpolate linearly\ with the shape functions being

N0 � 0
1
"0−j#

N1 � 0
1
"0¦j#[

Equations "5# and "6# can be restated in the general from

1

1y
k

1T
1y

¦Qþ � rC
1T
1t

where Qþ represents the contribution of the heat generation per unit volume\ either frictional
and:or chemical[ Then substituting the assumed shape functions for the temperature and
geometry\ we have the general statement that

1

1y
k

1"H0T0¦H1T1¦H2f2¦H3f3#
1y

¦NIQþI−rC
1"H0T0¦H1T1¦H2f2¦H3f3#

1t
� e\

where e is the residual error because of the interpolation[ We now require that the weighted
residual error be zero at each point for which the temperature is given exactly by the interp!
olation scheme\ that is\ we require

gy

HIedy � 9[

These are the element weighted residual equations and can be restated in matrix equation form

$gy

HJ

1

1y
k

1HI

1y
dy%

F

G

G

G

G

f

T0

T1

f0

f1

J

G

G

G

G

j

¦0gy

HJNKQþKdy1−$gy

HJHIdy%

F

G

G

G

G

f

Tþ0

Tþ1

f¾ 0

f¾ 1

J

G

G

G

G

j

� 9\

where I\ J � 0[3 ^ K � 0\1\ and the summation rule on repeated indices applies[ Notice that for
the chemical heating terms in both eqns "5# and "6#\ we have assumed that within the domain

−0 ¾ o ¾ 0\ Qþ � NIQþI\

and

QþI � rDHZe
−E
RTI [

In addition\ in eqn "5# the frictional heating term for the hotspot volume is

QþI � mp
1vx

1y
� mpe¾max\

with e¾max being the maximum principal value of the deviatoric strain rate tensor\ o¾ij\ evaluated
at the DYNA2D element integration point[
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The Green!Gauss theorem "integration by parts for this 0!D expression# can be applied to
each of the integrals in the {{thermal sti}ness|| coe.cient matrix such that the _rst term in the
element weighted residual expression can be written as

$gy

1HJ

1y
k

1HI

1y
dy%

F

G

G

G

G

f

T0

T1

f0

f1

J

G

G

G

G

j

¦non!essential flux boundary conditions[

All integrals in the 3×3 coe.cient matrices can be evaluated simply in closed form using a
symbolic algebra such as Maple V "0886#[ The element matrix equations can also be assembled
in Maple for the form K

�
T¦Qþ � C

�
Tþ and the resulting algebraic forms written as FORTRAN

_les for incorporation into the hot!spot subroutines that are used in the DYNA2D constitutive
model[ Because no numerical integration is required in the hot!spot routines\ the constitutive
model is very e.cient[


